A hierarchy of mathematical models describing viscosity-stratified flow in a HeleShaw cell is constructed. Numerical modelling of jet flow and development of viscous fingers with the influence of the forces of inertia and friction is carried out. One-dimensional multi-layer flows are studied. In the framework of three-layer flow scheme the interpretation of the Saffman-Taylor instability is given. A kinematic model of viscous fingering taking into account the formation of the intermediate mixing layer is proposed. Comparison with calculations on the basis of two-dimensional equations shows that this model allows one to determine the velocity of propagation and the thickness of the viscous fingers.
Introduction
A displacement process involving two fluids is often unstable when the displacing fluid has larger viscosity than the displaced one. The resulting instability developing at the interface between two fluids is known as viscous fingering [1, 2] . This instability has received much attention as an archetype of pattern-formation problems and as a limiting factor in the recovery of crude oil. Classical mathematical model describing a Newtonian flow displacement in a Hele-Shaw cell and development of the Saffman-Taylor instability consists of the continuity equation, linear Darcy's law and a convection-diffusion equation for the concentration of the displacing fluid [3, 4] . The inertia of the fluid may become important for high finger velocities. This leads to the necessity to use more complex nonlinear equations of fluid motion [5, 6] . In the framework of these models on the longitudinal fluid interfaces instability caused by different velocities of layers movement can develop [7] . There are several theoretical and experimental studies on the role of inertia in immiscible [6, 8] and miscible [9] displacements. The results reveal that inertia tends to attenuate viscous fingering. In recent publications [10, 11] the effects of the thickness variation of a Hele-Shaw cell and elasticity of the walls on the process of viscous fingering have been studied. Instabilities in viscosity-stratified flow have been discussed in [12] .
In this paper we propose a nonlinear hyperbolic system of equations suitable for the modelling of jet flow and propagation of viscous fingers in a Hele-Shaw cell. Numerical calculations show that for the process of horizontal displacement the pressure variation in vertical direction is small. This makes it possible to use long-wave approximation and construct a class of layered flows which can be described by a system of one-dimensional evolution equations. Based on the various simplifications of the momentum equation (linearisation, lubrication theory) a hierarchy of mathematical models is constructed. In the framework of a three-layer flow scheme the equations of motion are studied and numerical computations of the formation of viscous fingers are performed. A one-dimensional kinematic model of viscosity-stratified shear flow taking into account the formation of intermediate mixing layer is proposed. The velocity of propagation and the thickness of the viscous finger in the framework of this kinematic model coincide with the corresponding calculations on the basis of the two-dimensional equations of motion. It gives possibility to predict the parameters of viscous fingers without time-consuming non-stationary two-dimensional calculations.
Mathematical model
A Newtonian weakly-compressible flow displacement in a Hele-Shaw cell (the area between two parallel plates separated by a small gap of b in the z direction) is described by the equations
Here v = (u, v, w) is the fluid velocity, p is the pressure, ρ is the density, and µ is the dynamic viscosity. The second derivatives of the velocity vector v in the variables x and y are omitted as they are negligible compared to the derivatives with respect to z. We assume now that the velocity field can be represented as
We also suppose that the functions p and ρ do not depend on z. Averaging Eqs.
(1) through the gap we obtain (primes are omitted)
Here and below µ denotes the viscosity of the fluid divided by the permeability of the medium b 2 /12 (further in the text we will call it simply "viscosity"); coefficient β is equal 6/5.
To describe the process of displacement involving two fluids of different viscosities we use system of equations (2) with variable viscosity which depends on the concentration of solvent c. This function is scaled such that it is equal to unity in the displaced fluid (µ = µ 2 ) and zero in the displacing one (µ = µ 1 ). Then the transport equation for the function c (diffusion is neglected) should be added to system (2) with corresponding divergent form (ρc) t + (uρc) x + (vρc) y = 0.
In calculations the variable c takes intermediate values between zero and one due to numerical scheme. Following [4] we assume a monotonic relationship between the viscosity and the concentration in the form µ(c) = µ
In order to close model (2), (3) we have to specify the equation of state p = p(ρ) (barotropic fluid) or dependence ρ = ρ(c) (incompressible fluid). A hyperbolic system of equations is more preferably used for constructing explicit difference schemes. A weak compressibility of the medium given by the equation of state p = p(ρ) provides hyperbolicity of the model. This dependence can be considered as a regularization of equations describing the flow of an incompressible fluid in a Hele-Shaw cell. On the other hand, in applications the property of hyperbolicity of equations can be related to the presence of gas cavities in the porous medium, as well as with the elasticity of the channel walls (for instance, in PKN model [13] the pressure p depends on the thickness b of the channel). In any case, if the condition u 2 + v 2 << p ′ (ρ) holds then results weakly depend on the choice of p = p(ρ). Therefore, for the numerical simulation of 2D flows we assume
where the constants ρ 0 and c 0 specify characteristic density and speed of sound in the medium.
To find the characteristics of system (2)- (4), we write it in the vector form
where U = (u, v, ρ, c) T is the vector of depended variables;
T is the right-hand side; A and B are 4 × 4 matrices. Let ξ = (ξ 1 , ξ 2 , ξ 3 ) be the normal vector to the characteristics; I is the identity matrix. Then, the characteristic matrix (2)- (4) has the form
A simple but cumbersome calculation yields the following expression for det C(ξ):
We specify the characteristic surface by the equation W (t, x, y) = 0. Then to obtain the differential equations of the characteristics, we should replace the vector (ξ 1 , ξ 2 , ξ 3 ) in previous equation by the vector (W t , W x , W y ) and put det C equal to zero. As a result, we obtain two families of contact characteristics
and two additional characteristic families
If the inequalities β ≥ 1 and p ′ (ρ) > 0 are hold, this system of equations is hyperbolic. Note that in the case of β = 1 and µ = 0 system (2), (4) coincides with well-known shallow water equations.
Modelling of viscous fingering and jet flows
Below we present results of numerical calculations of the viscous fingers and jet streams on the basis of hyperbolic model (2)- (4) . Mathematical description of the Saffman-Taylor instability originally was given in the framework of the linear Darcy's law and the mass conservation equation [1, 3] . The inertia of the fluid may be significant for high finger velocities. In [6, 7] simulation of viscous fingers was performed using non-linear equations of motion of an incompressible fluid. We show that Eqs. (2)- (4) taking into account the forces of inertia and compressibility of the fluid could be also used for description of this instability.
To solve differential balance laws (2)- (4) numerically one can apply standard methods based on various modifications of Godunov's scheme. In this work we implement the Nessyahy-Tadmor second-order central scheme [14] , which is robust and stable. In every test we assume that on the horizontal boundaries y = 0 and y = H the impermeability condition v = 0 is fulfilled. The size of the computational domain is L = 100, H = 50; the resolution of the problem on the x and y axes are 300 and 150 nodes correspondingly (uniform grid). We assume that ρ 0 = 1, c 0 = 150, and β = 6/5 (for the third test β = 1). The values of the quantities are given in the CGS system (centimetre-gram-second), or they can be considered as dimensionless. Below we present calculations showing the possibility of modelling the evolution of perturbations caused by the Kelvin-Helmholtz and/or Saffman-Taylor instabilities on the basis of hyperbolic model (2)-(4). 
Test#1: jet flow
Let at the initial time t = 0 the Hele-Shaw cell be occupied by a quiescent fluid having density ρ = 1 and viscosity µ 1 = 0.1. Through the left central cross-section of width H/10 fluid of viscosity µ 2 = 0.4 is injected with velocity U 2 = 24; through the rest part of the left boundary fluid of viscosity µ 1 = 0.1 is entered with velocity U 1 = 4. On the right boundary of the computational domain the condition of constant pressure (or density) is valid. For more intensive development of the perturbations we use "random shake" of the jet. At each time step the cross section, through which fluid "2" is injected, may be randomly shifted up/down from its initial position on one node. The function c for values of the concentration is presented in Fig. 1 at t = 10. Vortices are formed at the interface of the layers due to Kelvin-Helmholtz instability. Increase of the both values µ 1 and µ 2 suppresses this instability.
Test#2: viscosity-stratified flow
Viscosity-stratified multi-layer flow is shown in Fig. 2 at t = 15. Initially the flow region is filled by a quiescent fluid (µ 1 = 1, ρ = 1). Liquid is pumped through the left boundary, which is divided into layers of height H/12; velocity and viscosity for odd and even layers are U 2 = 7, µ 2 = 3 and U 1 = 21, µ 1 = 1, correspondingly. As in the previous example "random shake" of the jets is used. The results of the calculations show that layered flow without mixing is realized for a wide range of parameters (Kelvin-Helmholtz instability at the interfaces between the layers occurs if viscosity decreases more than five times).
We note that the condition on the left boundary Uµ = const corresponds to a class of exact solutions of equations (2) for an incompressible fluid: 
Test#3: viscous fingering
The following example illustrates the formation of viscous fingers. Let the displacing phase injected at a constant velocity U be referred to with index 1 and the displaced one with index 2. At t = 0 fluid "1" is located in the domain x < x 0 = L/2; more viscous fluid "2" -in the domain x > x 0 . For convenience we use the coordinate system moving with velocity U, and assume β = 1 (with β = 6/5 results are similar). Let us perturb the initial interface x = x 0 as follows: x = x 0 + h cos(5πy/H) (here h is the grid spacing).
At t = 0 we choose piece-wise linear pressure distribution (p x = −µ 1 U for x < x 0 and p x = −µ 2 U for x > x 0 , on the right boundary p is equal to c 2 0 ρ 0 /2). Initial density of the fluid is determined using formula (4) . At the boundaries the reflection conditions are fulfilled. The calculations are performed for the following parameters: U = 3, µ 1 = 1 and µ 2 = 5. In the evolution process of the flow viscous fingers are formed (Fig. 3, left) , the number of fingers is determined by the initial perturbation. Displacing fluid penetrates more rapidly into displaced one (fingers are not symmetrical with respect to the initial interface). Fig. 3 (right) shows the distribution of the density at t = 30. As we can see the density changed less than 0.5% in comparison with the initial one (to reduce the compressibility we have to increase the speed of sound c 0 , but this slows down the calculations, since the time step is determined by the Courant number). Note that the density (pressure) varies slightly with respect to y. This allows one to use approximate model where the second momentum equation is replaced by p y = 0.
Layered flows
We consider the motion of an incompressible (ρ = 1) Newtonian fluid in a Hele-Shaw cell. It is assumed that the characteristic scales of the flow domain satisfy the condition ε = H/L << 1, i.e. the horizontal scale substantially exceeds the vertical one. The upper and lower impermeable boundaries of the cell are given by the equations y = 0 and y = H. Let us perform the following modelling in Eqs. (2), (3)
(this scaling corresponds to the transition to dimensionless variables used in [15, 16] for derivation of long-wave models for shear flow). Then we neglect terms of order ε 2 . As a result we obtain the following approximate model
where the pressure does not depend on the variable y.
Let us consider the class of viscosity-stratified flows
In this case Eqs. (5) take the form
Here h i (t, x) = y i (t, x) − y i−1 (t, x) is the depth of i−th liquid layer of viscosity µ i having velocity u i (t, x); and Q is the total flow rate through the cell. Upon derivation of Eqs. (6) the kinematic condition at the layers interface is used. Introducing new unknown variables s i = u i − u N allows one transform Eqs. (6) to the evolution system of 2(N − 1) equations
where
In what follows we assume that Q = const. We also use the following simplified versions of governing Eqs. (6) . The first one consists in the linearisation of the momentum equations:
(here U = Q/H is the average velocity). The second simplification is based on the Darcy law:
(the remaining equations of system (6) in both cases do not vary).
In some cases it is convenient to use a moving coordinate system
Further we show that in the framework of three-layer and two-layer schemes of flow it is possible to give an interpretation of the Saffman-Taylor instability as well as to describe the initial stage of viscous fingering.
5 Three-layer scheme of flow
We introduce the following notation for the layers velocities and depths
We also assume that H = 1, Q = 1, µ 1 = µ 3 = 1, and µ 2 = µ = 1.
Stationary solutions
Integration of the equations of conservation of mass in system (6) allows one to express the depths of the layers
Here Q i is the flow rate in the i-th layer (Q 1 + Q 2 + Q 3 = 1). Due to the unit depth we obtain the velocity in the intermediate layer
Eliminating pressure p from the equations
allows us to reduce the problem to the solution of the autonomous system of ordinary differential equations
A fixed point of system (9) is determined from the relations u = w = µϕ:
Linearisation of Eqs. (9) on the solution u = u * , w = w * and computation of the eigenvalues of the corresponding matrix show that the fixed point is a stable node. (2)- (4) and multilayer model (6) reduced to dynamical system (9) in the case of three-layer stationary flows. Solid white lines indicate the layers depths y = h(x) and y = h(x) + η(x) obtained by solving equation (9) and using relations (8) (at x = 0 the following values h 0 = 0.2, η 0 = 0.2 are chosen; the other parameters are the same); dotted lines correspond to the fixed point (h * = Q 1 /u * , h * + η * = 1 − Q 3 /w * ). As can be seen from the figure the solution reaches an equilibrium state at x > 5.
To carry out the calculation on the basis of two-dimensional equations the following initial data are used. The flow domain is divided into three horizontal layers of width h 0 , η 0 and ζ 0 . The fluid of density ρ = 1 moves in these layers horizontally with constant velocities u = Q 1 /h 0 , v = Q 2 /η 0 and w = Q 3 /ζ 0 respectively. The same data are taken as the boundary conditions at x = 0; on the right boundary (x = 8) the condition of constant pressure is prescribed; on the horizontal walls y = 0 and y = 1 the condition of impermeability is fulfilled. In order to visualize the flow of fluids with different viscosities the concentration c is used. This value is presented in Fig. 5 at t = 25. More viscous fluid in the middle layer is shown in brown (c > 0.35), and less viscous is shown in blue (c < 0.35).
Non-stationary solutions
Let us consider a three-layer flow scheme governing by Eqs. (6) wherein the momentum equations are replaced by linear Darcy laws p x = −µ i u i . Taking into account assumptions above and notations we have
In this case the depths of the layers h and η are found from the system of equations
It is easy to check that this system is hyperbolic and its characteristic velocities are
The first family of characteristics is genuinely nonlinear, whereas the second one is linearly degenerate [17] . In terms of the Riemann invariants η and r = h/(1 − η) equations (10) take the form
In the case 0 < µ < 1 we construct a centred simple wave solution defined by the relations r = h 0 = const, λ 1 (η) = ξ, ξ = (x − x 0 )/t (note that the ansatz η = const leads to a constant solution). The layer depths are
Formulae (11) give the solution of Eqs. (10) with discontinuous initial data
Profiles of a viscous finger y = h and y = h + η given by (11) are shown in Fig. 6 for h 0 = 0.6 and different values of µ < 1. Note that for a symmetric class of flows (h 0 = 1/2) this problem can be solved in the framework of the two-layer model. Self-similar solution (11) can be easy rewritten in a coordinate system moving with a constant velocity U. For this purpose u i and ξ should be replaced by u i − U and ξ + U correspondingly.
Let us construct a solution of Cauchy problem (10), (12) for µ > 1. At initial time the velocities and the layers depths are u − = µ, u
It is easy to verify that these values satisfy the Hugoniot conditions
derived from Eqs. (10) as well as the stability conditions [17] if the shock front moves with average flow velocity D = U = 1.
To derive another model of a three-layer flow in a moving coordinate system we use linearisation of momentum equations in (7)
Eliminating the pressure p allows one to obtain the system of evolution equations (13) is given by solid curves, dot-dash corresponds to (11) ; dashed line presents the initial data):
Let us rewrite Eqs. (13) in the form U t + AU x = F. Here U = (s 1 , s 2 , h, η)
T is the unknown vector, A is the Jacobi matrix, and F is the right part. The eigenvalues of matrix A are
Conditions 0 < h < 1 and 0 < η < 1 provide hyperbolicity of system (13) since m > 0. Introducing the parabolic with respect to τ = s 1 /s 2 function f = m/s 2 2 it is easy to check validation of inequalities f ′′ (τ ) > 0 and f (τ * ) > 0 (here τ * is a minimum point of f (τ )). It means that m > 0 and, consequently, characteristic velocities λ i are real.
Further, we construct the numerical solution of Eqs. (13) with initial data
Note that this formulation corresponds to Cauchy problem (10), (12) . The results of computations are shown in Fig. 7 at various moments of time (solid curves). As we can see with increasing of time the solution tends to the self-similar regime (dot-dashed curves obtained by using formulae (11)). Moreover, tip of the viscous finger propagates with the same velocity in the framework of models (13) and (10) . Calculations on the basis of model (13) are carried out using Nasyahu-Tadmora scheme [14] . It is shown that three-layer flow scheme governed by the simplified one-dimensional model (10) (or (13)) correctly describes the well-known fact that the fluid interface is unstable if less viscous fluid displaces more viscous one and stable otherwise. However, the growth rate of viscous fingers predicted by models (10) and (13) is significantly higher than numerical calculation gives on the basis of two-dimensional model (2)- (4). This problem is discussed in [18, 19] where one-dimensional kinematic models for the description of viscous fingers are derived. In the following section we obtain a modification of the above considered flow scheme by including to the model an intermediate mixing layer formed due to the development of shear flow instability of fluids of different viscosities. Application of three-layer flow scheme for the simulation of turbulent mixing in homogeneous and density stratified fluid is considered in [15, 20] and [21] . In such approach the additional equation for energy of the fluid flow is used in order to determine the rate of mixing. The mixing intensity is determined by the velocity shear in the outer layers and by energy dissipation. If the processes of generation and dissipation of small-scale motion balance each other we come to an equilibrium model. In this model the thickness of the intermediate layer between outer layers is determined by the velocity difference in the layers. In the next section we construct a one-dimensional equilibrium model describing the growth of a viscous finger with the formation of the intermediate layer. The results of the calculation of the growth rate and the thickness of the fingers in the framework of this model are in good agreement with the calculations carried out on the basis of two-dimensional equations of motion (2)-(4).
Mixing in shear flow
We use the notations of the previous section for the depths of the layers and their velocities. The viscosities of the fluid in the lower, middle (intermediate layer) and the upper layers are denoted as µ 1 ,μ and µ 2 respectively (µ 1 <μ < µ 2 ). The cell height H and the flow rate Q are assumed to be equal to one. Then within the kinematic model (
Following [15, 21] we consider the equilibrium between generation and dissipation of energy of small-scale motions in shear flow of two-layer viscosity-stratified fluid in a Hele-Shaw cell. This allows one to express the thickness of the intermediate layer in the form
where δ is an empirical parameter. In this paper we do not present the derivation of relation (15) . Therefore, this relation can be regarded as an additional hypothesis reducing the equations of fingers evolution in the development of the Saffman-Taylor instability to the Hopf equation for the averaged thickness of a finger. Let us define the middle-line z = h + η/2 and formulate the law of mass conservation for the liquid layer of depth z
Using the notations
and formulae (14) we specify fluid velocity v in the mixing layer through the depended variables η and z:
In this case formula (15) takes the form η = a 3 v and allows one to obtain the following dependence
Substitution of η(z) into the previous formula expresses velocities v and u =μv/µ − as function of middle-depth z. As the result we derive relation for flow rate ψ in the layer of depth z:
Note that it is necessary to require the fulfilment of the inequalities
The last two inequalities are the consequence of the fact that h ≥ 0 and h + η ≤ 1. To determine the depth z = z(t, x) we can use conservation law (16) with function ψ(z) given by formula (17) . Let us construct a solution of equation (16) with piecewise constant initial data z(0, x) = 1 for x < x 0 and z(0, x) = 0 for x > x 0 . This formulation means that the domain x < x 0 is filled by liquid of viscosity µ 1 (h = 1, η = ζ = 0) whereas liquid of viscosity µ 2 (ζ = 1, h = η = 0) fills in the domain x > x 0 . Since the fluid moves in the positive direction with average speed U = 1 in the case µ 1 < µ 2 the Saffman-Taylor instability at the interface develops (in the framework of a two-dimensional formulation).
Due to constraints (18) the function ψ(z) is not defined on the whole interval [0, 1]. Typical graph of the function ψ(z) is given in Fig. 8 (curve 1) for the following parameters µ 1 = 2,μ = 4, µ 2 = 8, δ = 1. Therefore, to solve this problem it is necessary to define the function ψ(z) on the entire interval [0, 1]. Taking into account that ψ(z) specifies the flow rate in the layer of depth z = h + η/2 the conditions ψ(0) = 0 and ψ(1) = 1 should be satisfied.
We assume that a functionψ ( extensionψ(z) lies between the convex hull of the graph ψ(z) (Fig. 8, lines 1,2,3 ) and the diagonal of the unit square connecting points (0, 0) and (1, 1) (Fig. 8, line 4 ) then the solution of the problem does not depend on the choice of extension [17] . Let us construct the tangents to the graph of ψ(z) from the origin and from the point (1, 1) (z 1 and z 2 denote the abscissae of the points of tangency). Thus, the functionψ(z) on the interval [z 1 , z 2 ] is given by formula (17), and on the intervals [0, z 1 ) and (z 2 , 1] it is represented by the tangent lines. Using the functionψ(z) it is easy to construct a self-similar solution of equation (16) with discontinuous initial data. This solution is represented by the simple wave
adjoined to the "sonic" shock waves ξ 2 = ψ ′ (z 2 ) and ξ 1 = ψ ′ (z 1 ) [17] . We compare the results of numerical simulations of the formation of viscous fingers on the basis of two-dimensional hyperbolic system of equations (2)-(4) with the results obtained by using kinematic model (16) . The calculations are performed in the HeleShaw cell with sizes L = 20, H = 2 in the coordinate system moving with the average flow velocity U = 1 with respect to Ox axis. The viscosities of the fluids are equal to µ 1 = 2 and µ 2 = 8. At the initial time the interface x = x 0 = 10 is perturbed as follows x = x 0 + 4h 1 (exp(−10(y − H/2)
2 ) − 1/2), where h 1 is the resolutions of the uniform grid in x. For discretization with respect to x and y we use 400 and 50 nodes respectively. In the left and right boundaries of the computational domain the reflection conditions are imposed. In two-dimensional model (2)-(4) the following dependence for viscosity is used: µ(c) = µ (2)- (4) and one-dimensional kinematic model (14)- (16) with δ = 1.8.
Self-similar solution of kinematic model (14)- (16) with δ = 1.8 is shown in Fig. 9 by solid white and pink curves at t = 10 and t = 20. The curves z + 1 and 1 − z are given for a correct comparison with two-dimensional calculations (the graph on the left also shows similar curves for values h and h + η). Here self-similar variable ξ is replaced by ξ − 1 which corresponds to a transition in a moving coordinate system. The figure shows the propagation velocity of the finger and its thickness obtained by the kinematic model agrees well with the two-dimensional calculations. Numerical solution of equations (2)- (4) gives a fairly strong diffusion of viscous fingers along the vertical coordinate y whereas in the horizontal direction x the numerical diffusion is almost absent. It corresponds to hypothesis used in the derivation of kinematic model (14)-(16).
Conclusion
We derive nonlinear hyperbolic system of equations (2)-(4) describing the flow of slightly compressible multicomponent fluid of different viscosity in a Hele-Shaw cell. On the basis of these equations simulation of jet flow and development of viscous fingers during the displacement process are performed. Calculations show that the proposed model reproduces the characteristic features of the flow associated with the development of Kelvin-Helmholtz and Saffman-Taylor instabilities (see Figures 1-3 ). In the case of preferential flow in the horizontal direction the pressure varies slightly in height of the cell that allows one to apply model of long-wave approximation (5) and to consider the class of viscosity-stratified flows, which are described by system of one-dimensional equations (6) . Using various simplifications of the system (linearisation of the momentum equations, application of the Darcy's law) we construct a hierarchy of mathematical models of viscosity-stratified flow in a Hele-Shaw cell.
The proposed one-dimensional hyperbolic models allow one correctly describe the main features of the two-dimensional flow. Stationary solutions of equations (6) obtained for the three-layer flow scheme are in a good agreement with the calculations of the flow on the basis of two-dimensional model (2)-(4) (see Fig. 5 ). In the framework of the onedimensional models of the multilayer fluid flow (equations (6) and their simplifications (10) and (13)) the interpretation of the Saffman -Taylor instability is given. Solutions of equations (10) and (13) illustrating the formation of viscous fingers are constructed (Figures 6 and 7) . However in these models the growth rate of viscous fingers is higher than for two-dimensional model (2)-(4). This problem has been already considered in a number of papers in which kinematic models of growth of viscous fingers were derived. In this paper we propose a modification of the layered flow model by adding an intermediate layer (equations (14)- (16)). This layer develops due to shear flow instability, which leads to intensive mixing of fluids of different viscosities. A similar approach was previously used for modelling the turbulent mixing in homogeneous and density stratified fluid. Relation (15) expresses the thickness of the mixing layer through the fluid velocity in the outer layers. This formula is not derived in the paper and can be considered as an additional hypothesis, which allows one to describe the evolution of viscous fingers on the basis of the Hopf equation. As can be seen from Fig. 9 , the velocity of propagation and the thickness of the fingers in proposed one-dimensional model (14)- (16) (if an empirical parameter δ is successfully specified) are in a fairly good agreement with calculations based on two-dimensional equations (2)-(4).
